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2-Chromatic Steiner Quadruple Systems* 
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1. INTRODUCTION 
Coloring designs can be considered as a special case of hypergraph coloring; a proper 
coloring is just a partition of the point set of the design into "color" classes so that no block 
is properly contained in any color class. A design then is k-chromatic if it can be k-colored 
but no proper coloring having fewer than k color classes exists. In this note we will be 
concerned with 2-chromatic Steiner quadruple systems. 
There is a dual purpose in considering this problem, namely that there are few 
constructions (direct or otherwise) for Steiner quadruple systems of order n (briefly 
SQS(n», particularly when n = 2 or 10 (mod 12). Moreover, the most natural way of using 
abelian groups or other algebraic structures in constructing these designs results in 
quadruple systems which are 2-chromatic. It is well known that SQS(n) exist if and only if 
n = 2 or4 (mod 6) [4]. For n =4 or 8 (mod 12) the existence of 2-chromaticSQS(n) follows 
directly from a well-known construction due to Doyen and Vanden savel [2]. Prior to our 
results, the only other 2-chromatic SQS(n) known to exist were those of orders n = 2.51 
constructed in [8] from a variety of 3-quasigroups. Note that both of these constructions 
have been utilized in the construction of sets of mutually disjoint Steiner quadruple 
systems (see [6], [8]). 
In this paper abelian groups are used to construct 2-chromatic quadruple systems. 
Among other things we show that if our construction works for abelian groups G and H, 
then it will work for their direct product G x H. Subsequently we show that this con-
struction works for the integers mod n at least when n = 5, 13, 17 and 25 and thus we get an 
infinite set of 2-chromatic quadruple systems of orders congruent to 2 or 10 (mod 12). 
Furthermore, we will show that our construction of 2-chromatic SQS(2n) can also be used 
to construct a maximal (= non-extendable) set of n mutually disjoint SQS(2n) where n = 1 
or 5 (mod 6). 
2. GENERAL CONSTRUCTIONS 
It was noted in [2] that if an SQS(2n) is 2-chromatic then each of the color classes must 
contain n elements. A 2-coloring then defines, for each color class, a mapping, a;, (i = 1, 2) 
from the set of all triples of one color class onto the elements of the other class. The two 
mappings may be "equivalent" (that is to say the canonical partitions of triples induced by 
these mappings, a;, (i = 1, 2) may be isomorphic in the sense that there exists a bijection 
between the underlying sets which maps one partition onto the other). Certainly if there is 
an involutory automorphism of the SQS(2n) which interchanges the color classes, the 
mappings will be equivalent; on the other hand, the absence of such an automorphism does 
not guarantee that they will not be equivalent. The set of triples belonging to one part of 
this canonical partition, that is, those triples whose image under a; is a (fixed) element, 
must be a partial Steiner triple system. Simple counting arguments show that the number 
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of pairs not covered by such a partial triple system is n -1. Consider these "missing" pairs 
as edges of a graph on this n-set; we have that, for n == 1 or 5 (mod 6), every vertex has even 
degree and obviously there must be at least one isolated vertex. Thus in order to construct 
such 2-chromatic SQS(2n), for n == 1 or 5 (mod 6), one needs a pair of mappings that satisfy 
the above conditions. However, this is far from being sufficient. 
Let (G, +) be an abelian group of order n == 1 or 5 (mod 6). The set of all triples of 
elements of G is partitioned into orbits under the action of (G, +). Suppose one can choose 
a representative triple from each orbit so that the collection of representatives, R, is a 
partial Steiner triple system and the pairs that are not covered are of the form {x, 2x}, 
x e G\{O}. The collection S = {{x, y, z }Ix + y + z = 0, x, y, z e G} of triples always forms a 
set of representatives for the orbits. Moreover, it is easy to see that the edges that are left 
uncovered in this case are of the form {x, -2x}, x e G\{O}. Given then the collections Sand 
R, we form the following collection of quadruples, B, on the set P = G x {I, 2}: 
(1) {(x + i, 1), (y + i, 1), (z + i, 1), (i, 2)} e B for each {x, y, z} e S and each i e G. 
(2) {(u + i, 2), (v + i, 2), (w + i, 2), (i, I)} e B for each {u, v, w}e R and each i e G. 
(3) Hi, 1), (3~ + i, 1), (x + i, 2), (2x + i, 2)} e B for each x E G\{O} and each i e G. 
THEOREM 2.1. (P, B) as defined above is an SQS(2n). 
PROOF. Since Sand R are collections of representatives of the orbits of triples, clearly 
every triple {(x, i), (y, i), (z, i)}, i = 1, 2, will occur in exactly one block of B. Since both S 
and R are partial triple systems, we know that the blocks constructed in parts (1) and (2) 
above will form a partial SQS(2n). All that remains to be shown is that all triples 
{(x, 1), (-2x, 1), (0, 2)} and {(x, 2), (2x, 2), (0, I)} for x E G\{O} will each occur in one block 
of B since the only pairs missing from Sand R are {x, -2x} and {x, 2x} respectively. But it 
is obvious that such triples are covered by blocks constructed in (3). 
Thus we have a simple construction of 2-chromatic SQS(2n), n == 1 or 5 (mod 6), 
provided one can find the representative set, R. Before showing that such collections do 
indeed exist, we show first that if one can find such collections for abelian groups G and H, 
one can find such a collection also for their direct product G x H. 
THEOREM 2.2. If there exists suitable sets of representatives Rand R' for abelian groups G 
and H, respectively, then there exists a suitable collection of representatives R for G x H. 
(Note: each of R, R' and R are assumed to be partial triple systems with uncovered 
edges {x, 2x} as well as containing a representative from each orbit of triples on the 
respective sets.) 
PROOF. Construct R as follows: 
(1) {(x,u),(y,v),(z,w)}eR where {x,y,z}eR and {u,v,w}eR' for all possible 
orderings of {u, v, w}. 
(2) (a) {(x, u), (y, u), (z, 2u)}eR where {x, y, z}eR and u EH for all possible order-
ings of {x, y, z}. 
(b) {(x, u), (x, v), (2x, w)} e R where x e G and {u, v, w} e R', for all possible order-
ings of {u, v, w}. 
(3) {(x, u), (x, 2u), (2x, u)} E R, x e G\{O}, u E H\{O}. 
If IGI = nand IHI = m then we have constructed 
(n-l)(n-2) (m-l)(m-2) (3 2) 
3.2 . 3.2 .. 
triples in (1), 
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(n - ~).(; - 2) . (3(m -1) + 1) + (m - ~).(~ - 2) . (3(n -1) + 1) 
triples in (2), and (n -1)(m -1) triples in (3). Summing these three counts we see that R 
contains (nm -1)(nm -2)/3.2 triples which is the correct number of representative 
triples. It is straightforward to check that no two of these triples are in the same orbit as this 
was true for Rand R' originally. Hence R is a set of representatives for orbits of triples 
under the action of G x H. Furthermore, since the "direct product" of partial triple 
systems is a partial triple system it is not difficult to see that R is also a partial triple system. 
Finally, no pair {(x, u), 2(x, u)} can be contained in triples constructed in (1) or (2) above 
because (x, 2x) is missing from Rand (u, 2u) is missing from R'. Nor can [(x, u), 2(x, u)] be 
contained in a triple constructed in (3) since the order of both G and H is congruent to 1 or 
5 (mod 6). 
Surprisingly, some of these results can be generalized. As before let Rand R' be suitable 
sets of representatives of orbits for abelian groups G and H but now assume that the 
uncovered edges for Rand R' are not necessarily of the form {x, 2x}. Let E and E' denote 
the sets of uncovered edges (or pairs) for Rand R' respectively. Let OE be an orientation 
of the edges of E such that {i = v - u I(u, v) E OE} = G\{O}, where (G, +) is the abelian 
group under consideration. Similarly let OE' be an orientation for E' having the same 
property. Since the absolute value of every difference in G must occur twice among the 
missing edges (i.e. there exist 2 edges {x, y}, {z, w} such that Ix - yl = d = Iz - w D we claim 
that the edges can always be oriented properly so that R can be constructed in a similar 
fashion. More precisely, we state the following theorem. 
THEOREM 2.3. If R, R' are, as above, suitable collections of representatives for abelian 
groups (G, +) and (H, +) with missing (oriented) edge sets OE and OE', respectively, then 
there exists a suitable collection R for G x H with missing edges 
E = {{(x, u), (y, v)}l(x, y) E OE 
and 
(u, V)E OE'}u{{(x, 0), (y, O)}I(x, y)E OE}u{{(O, u), (0, v)}I(u, V)E OE'}. 
PROOF. First note that (x, 2x) is an orientation for the uncovered edges in Theorem 2.2. 
With this in mind the modifications to the construction in Theorem 2.2. should be 
transparent. Construct R as follows: 
(1) {(x, u), (y, v), (z, w)}ER where {x, y, z}ER and {u, v, w}ER'. 
(2) (a) {(x, u), (y, u), (z, v)}ER where {x, y, z}ER and (u, v)EE'. 
(b) {(x, u), (x, v), (y, w)}ER where {u, v, w}ER' and (x, Y)EE. 
(c) {(x, 0), (y, 0), (z, O)} E Rand {CO, u), (0, v), (0, w)} E R where {x, y, z} E Rand 
{u, v, w} E R'. 
(3) {(x, u), (x, v), (y, u)}ER for each (x, y)EE and (u, v)EE'. 
Again the number of triples is as before. It is not difficult to see that no two triples of R lie 
in the same orbit. The fact that R is a partial triple system is also very easy to verify. Finally 
one must show that the missing edges are {(x, u), (y, v)} for (x, y) E E and (u, v) E E' as well 
as {(x, 0), (y, O)} and {CO, u), (0, v)}. But this too follows easily from the properties of R 
andR'. 
Naturally one would like to show that given a construction of a 2-chromatic SQS(2n) 
from sets of representatives 5 and R and an abelian group G and another construction 
of a 2-chromatic SQS(2m) from sets 5' and R' and an abelian group H, one can construct 
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an SQS(2nm) using the abelian group G xH. However, the matter is not so simple; the 
n -1 uncovered edges for S can, in this case, be oriented in i n - O!2 different ways; 
similarly for the missing edges of S' (and for Rand R'). The problem is that these 
orientations must be interlaced in a certain sense for one to be able to construct a 
2-chromatic SQS(2nm) on G x H from sets S, Rand S', R'. It is not clear what conditions 
are in general sufficient for a direct product to work. One condition which may be both 
necessary and sufficient is that the uncovered-edge-graph be "regular" (that is all vertices, 
except one, have degree 2). If more is assumed, then in fact such a condition will suffice. 
Suppose one can orient the regular uncovered-edge-graph so that the conditions of 
Theorem 2.3 are satisfied and each directed component is a circuit. Let Sand R be sets of 
representatives, and DE and DE' be the appropriate directed missing-edge-graphs. 
Suppose further Sand R are used to construct a 2-chromatic SQS(2n) with abelian group 
G. Then, first, this gives a "linked pair" of 3-quasigroups (in algebraic terminology). By 
this we mean the following. 
Define p(x, y, z) = 0 if and only if {x, y, Z}E S, and p(x, y, y) = p(y, x, y) = p(y, y, x) = 0 
if and only if (x,Y)EOE; define also p(O,O,O)=O. Then p(a,b,c)=i if and only 
if pea - i, b - i, c - i) = 0 for i E G. Clearly, this defines a 3-quasigroup. Similarly, 
one can define a 3-quasigroup q( , , ) fro in the representative set R and directed 
graph DE'. We will say p( , , ) and q( , , ) are a linked pair if 
q(p(x, y, y), p(y, x, x), p(y, x, x)) = x for all x, y E G. Thus if orientations exist so that the 
implicitly defined 3-quasigroups satisfy the above identity then a direct product will work. 
Note that in fact any of several identities suffice but they are equivalent under "switching" 
of orientations. The main point is that we have an equational class of algebras which is 
necessarily preserved by direct product. 
As a final comment, we feel that various generalizations of the techniques contained in 
this section are feasible and deserve further consideration. 
3. MAXIMAL SETS OF DISJOINT QUADRUPLE SYSTEMS 
Using Doyen and Vandensavel's construction of 2-chromatic SQS(2n) for n =2 or 4 
mod 6 [2], Lindner [6] constructed a set of n mutually disjoint (2-chromatic) SQS(2n). 
Subsequently, the first author using his construction of 2-chromatic SQS(2. 5') [8] 
employed a similar approach to construct a set of 5' mutually disjoint (2-chromatic) 
SQS(2 . 5'). It is not hard to see that for n = 1 or 5 (mod 6), a set of n mutually disjoint 
(2-chromatic) SQS(2n) is maximal in the sense that it is not a proper subcollection of any 
other collection of mutually disjoint SQS(2n) ("mutually" 2-chromatic means that there is 
one and the same 2-coloring that is proper for each SQS(2n)). 
Let (P, Bo) be the SQS(2n) constructed in Theorem 2.1, and let (G, +) be the abelian 
group of order n used in that construction, where n = 1 or 5 (mod 6). Assume P = 
G x {I, 2}, and define a permutation {Xi, for i E G, by {Xi: (x, 1) ~ (x + i, 1) and {Xi: (x, 2) ~ 
(x, 2) for each x E G. Let (P, B i ), i E G, be the SQS(2n) one gets by applying {Xi to the blocks 
of Bo. Obviously each (P, B;) is 2-chromatic and this set of SQS(2n) is in fact "mutually" 
2-chromatic. 
THEOREM 3.1. The collection, (P, B i ), i E G of SQS(2n) forms a maximal set of mutually 
disjoint Steiner quadruple systems. 
PROOF. Suppose two systems (P, B i ) and (P, B j ) have a block in common. Clearly it 
cannot be a block which contains a triple of the set G x {I} or of G x {2}. This leaves blocks 
. of type (3), (i.e., {(r, 1), (3x + r, 1), (x + r, 2), (2x + r, 2)}). But again this says that for some 
r, x, S, y E G 
2-Chromatic Steiner quadruple systems 
{(r + i, 1), (3x + r + i, 1), (x + r, 2), (2x + r, 2)} 
={(s+j, 1),(3y+s+j, 1),(y+s,2),(2y+s,2)} 
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are blocks in Bi n B j • This implies either x = y and r = s and hence i = j or that y = -x and 
s = 3x + r. In the latter case, this again implies i = j as n == 1 or 5 (mod 6). 
In closing we remark that it seems unlikely that every 2-chromatic SQS(2n) can be 
extended in a similar fashion (cf. [6], [8]) to a set of n mutually disjoint SQS(2n). However, 
too little is known about 2-chromatic SQS(2n) to venture a conjecture either way. 
4. SPECIFIC CONSTRUCTIONS 
The previous constructions all depend on the existence of suitable sets of represen-
tatives. In this section we show that for the cyclic groups (Zn, +), where n = 5, 13, 17 and 
25, we can find appropriate sets Sand R and thus construct (by Theorem 2.1) a 
2-chromatic SQS(2n). 
For each n, Sn is the set of triples, {(x, y, z }ix + y + z == 0 mod n} and Rn is a set of triples, 
not necessarily different from Sm which also are representatives of orbits and have missing 
pairs {x, 2x}, x 'J':. O. For n = 5, it is easy to see that Ss satisfies this condition so in this case 
Rs = Ss. This just gives us (the unique) 2-chromatic SQS(10) (cf. [8]). 
Let E = {{x, - 2x }ix E Zn \{On and E' = {{x, 2x }ix E Zn \{On. These missing-edge-graphs 
will be isomorphic if and only if the cycles can be put into a one-to-one correspondence. 
This in turn depends on whether 2 has even order mod p for each prime divisor p of n. 
Hence the natural question is whether this isomorphism between E and E' (when it exists) 
will induce an isomorphism between Sn and Rn ? Unfortunately, the answer is "sometimes 
yes and sometimes no". It would be very nice if one could characterize wl.en such an 
isomorphism would or even could exist. 
For n = 13, the permutation x ~ XS (mod 13) gives us the isomorphism between S13 and 
R 13. Alternately one can define R13={{X, y,z}ixs+l+zs==Omod 13}. Similarly for 
n = 17, define the isomorphism as x ~ _x 3 (mod 17). Finally for (Z2S, +) the following 
mapping applied to S2S gives an R 2S : 
{
_X9 if x is a unit 
x~ 
x otherwise 
This gives suitable collections of representatives, Sn and Rn for n = 5, 13, 17 and 25 and 
thus we can conclude the following corollary. 
COROLLARY 4.1. There exists 2-chromatic SQS(2n) for n = 5a • 13b • 17C for all 
a, b, c ;30. 
Though the missing-edge-graphs E and E' (defined above) are isomorphic for n = 29 
and 41, a similar procedure fails in these cases; any isomorphism between E and E' gives a 
partial STS that is not a set of representatives of orbits. Unfortunately, it is not clear 
whether or not there are an infinite number of primes for which such an isomorphism does 
exist. Needless to say, Rn and Sn do not have to be isomorphic. On the other hand, it is not 
clear how one would go about finding an arbitrary Rn that satisfies the conditions of 
Theorem 2.1. 
5. NON-EXISTENCE RESULTS 
One would like to determine the spectrum for 2-chromatic SQS(2n). There are exactly 4 
non-isomorphic quadruple systems of order 14 [5] and a computer test for these indicates 
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that none is 2-chromatic! The first order for which the issue remains open is 22. The 
authors searched for collections of representatives of the orbits of triples under the cyclic 
group (Zl1, +) that could give rise to 2-chromatic SQS(22). There were too many 
possibilities for a complete search. Instead, the search was restricted to those sets of 
representatives whose missing-edge-graph was regular. The result of the search was that 
none of these can give rise to a 2-chromatic SQS(22}.1t should be pointed out that recently 
a 2-chromatic cyclic SQS(26) was constructed [1] in which the missing edge graph was not 
regular. Thus there still exists a possibility that an example of a 2-chromatic SQS(22) can 
be obtained from one of those sets of representatives which were not considered in our 
search. 
6. FURTHER PROBLEMS 
The chromatic number of Steiner triple systems has been considered by the second 
author in [9]. Of course, one can examine the chromatic number of other designs, and in 
this paper we took a first look at the chromatic number of Steiner quadruple systems. It is a 
trivial consequence of the results of Erdos, Hajilal, Lovasz and others (e.g. [7]) on 
chromatic number of uniform hypergraphs and that of Ganter [3] on embedding a partial 
SQS into a finite SQS that for every integer k ~ 2 there exists an SQS(n) with chromatic 
number ~k for infinitely many admissible orders n; a similar stronger statement holds for 
Steiner triple system as well (cf. [9]). On the other hand, it still remains to be shown that for 
each k > 3 there exists a constant N(k) such that a k-chromatic Steiner triple system of 
order n exists whenever n > N(k). It has not even been shown that the spectrum for 
k-chromatic Steiner triple systems for any k > 3 is infinite; of course the same can be said 
about Steiner quadruple systems. In our opinion, the first step en route to tackling these 
problems should be determining completely the spectrum of 2-chromatic Steiner 
quadruple systems. 
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